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Abstract
We consider the phantom braneworld model in the context of the maximum turn around radius,
RTA,max, of a stable, spherical cosmic structure with a given mass. The maximum turn around radius
is the point where the attraction due to the central inhomogeneity gets balanced with the repulsion of
the ambient dark energy, beyond which a structure cannot hold any mass, thereby giving the maximum
upper bound on the size of a stable structure. In this work we derive an analytical expression of RTA,max
for this model using cosmological scalar perturbation theory. Using this we numerically constrain the
parameter space, including a bulk cosmological constant and the Weyl fluid, from the mass versus
observed size data for some nearby, non-virial cosmic structures. We use different values of the matter
density parameter Ωm, both larger and smaller than that of the ΛCDM, as the input in our analysis.
We show in particular, that a) with a vanishing bulk cosmological constant the predicted upper bound
is always greater than what is actually observed; similar conclusion holds if the bulk cosmological
constant is negative b) if it is positive, the predicted maximum size can go considerably below than
what is actually observed and owing to the involved nature of the field equations, it leads to interesting
constraints on not only the bulk cosmological constant itself but on the whole parameter space of the
theory.
keywords : Braneworld model, large scale structures, maximum turn around radius
1 Introduction
The braneworld model is a rather radical proposal in the effort to understand the large scale structure of
the universe – in which the (3 + 1) dimensional universe we live in, is just a timelike hypersurface (the
brane) of codimension one or more, embedded in a higher dimensional spacetime (the world), see [1, 2]
for a vast review and also references therein. In this picture, unlike the higher dimensional theory like the
Gauss-Bonnet gravity (e.g. [3] and references therein), all standard model matter fields are confined on the
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brane whereas only the gravitons can propagate in the extra dimension(s). The braneworld model could
be hoped, at least from the perspective of the string theory, to be a possible bridge between Einstein’s
theory of gravitation and a hitherto unknown complete theory of quantum gravity.
Such shift of paradigm certainly is a modification of gravity and for example in the celebrated Randall-
Sundrum model [4, 5] with brane-codimension one, the modification is in the small scale. The extra
dimension need neither be small nor even compact – in fact it could be large compared to the fundamental
length scale observed on the brane and can even be infinite. Compact extra dimensions, on the other hand,
can give rise to an infinite and discrete tower of graviton mass when viewed on the brane, see e.g. [6]. We
further refer our reader to e.g. [7]-[12] for an account on fitting the galaxy rotation curves and derivation of
gravitational lensing, in the context of the Randall-Sundrum model. While the extra dimension along the
brane is usually taken to be spacelike, we refer our reader to [13] for an interesting discussion on timelike
extra dimension.
In the front of gravity oriented computations, discussions on stationary black holes or other static
solutions can be seen in e.g. [14, 15, 16, 17] and also references therein. See [18] for a review on the
constraints on such models based on gravity oriented tests. In particular, for the so called two branch RS-I
model, from the modification of Newton’s law, the upper bound on the bulk anti-de Sitter radius turns
out to be l . 14µm; whereas for the one branch RS-II model, the binary gravity wave data puts a bound :
l . 3.9µm. Probing the extra dimensional effects by studying the strong gravitational lensing can be seen
in [19]. We further refer our reader to [20] for a vast review and an exhaustive list of references pertaining
gravity and cosmology in the context of the braneworld model.
An important class of braneworld model which we shall be concerned with in this paper, is the Dvali-
Gabadadze-Porrati braneworld (DGP) model [21]-[24] containing in the action, the 4-dimensional Ricci
scalar on the brane, induced from the one loop correction due to the graviton-matter interaction and as
well the extrinsic curvature of the brane. This class of models can significantly modify gravity at large
scales unlike the Randall-Sundrum model. It gives two branches of cosmological solutions, both with
flat spatial sections, one being self accelerated without requiring any dark energy/cosmological constant,
whereas the other branch (the normal branch) requires at least one cosmological constant to make the
current accelerated expansion [25, 26, 27]. Unfortunately, the former was shown to have ghost instability
in later works [28, 29], leaving the normal branch with a cosmological constant to be an alternative to
ΛCDM.
For DGP models, the effective equation of state parameter w (P = wρ), is time dependent and turns out
to be less than minus of unity for the current cosmology [30]-[34]. However, subject to parameter values,
w(t) could asymptotically reach −1 (the de Sitter phase) or even the universe can leave at some stage
the phase of accelerated expansion reentering matter domination, eventually thus evading the phantom
disaster [35] for w < −1 dark energy models in the General Relativity. Such models, for w being less than
minus of unity in the current cosmological epoch, are known as the phantom braneworld. Interestingly,
this model indicates that the expansion of our universe was stopped at redshift z & 6 and ‘loitered’ there
for a long period of time encouraging the structure formation. This seems to be in agreement with the
observed population of the quasistellar objects and supermassive black holes in 6 . z . 20 [33]. Discussion
of scalar cosmological perturbation theory in the phantom braneworld model and a more detailed review
can be seen in [36, 37].
The ΛCDM has its most remarkable simplicity and overwhelming phenomenological successes, starting
from the type Ia supernovae redshift, the structure formation, the anisotropy in the primordial radiation
and so on, e.g. [35] and references therein1. However, the lack of any satisfactory theory to explain the
1See however, also [38] for a recent critique to the data that led to infer the accelerated cosmic expansion.
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current tiny observed value of Λ (the so called fine tuning problem of Λ [39]), lack of any quantum field
theoretic mechanism to explain how it reached such a tiny value starting from an initial higher value during
inflation (the so called coincidence problem [40, 41, 42, 43]) and finally, the so far lack of any evidence of
a dark matter particle, have triggered vigorous researches in alternatives to the ΛCDM model. We refer
our reader to [20] for a vast review and an exhaustive list of references in various alternative gravity/dark
energy models. We further refer the reader to [44], where from the baryon acoustic oscillation data, it has
been argued that the Hubble rate at high redshift should actually be less than the prediction of ΛCDM.
A couple of years back, a very novel check of different dark energy models was proposed in [45, 46],
using the idea of the maximum turn around radius of some nearby cosmic structures. The maximum turn
around radius RTA,max is basically the point where the attraction on a radially moving test particle/fluid
due to the central inhomogeneity gets precisely balanced with the repulsion due to the ambient dark energy.
For ΛCDM, one obtains RTA,max = (3MG/Λ)
1/3, for spherical structures. See [47] for a discussion on the
maximum turn around radius in the context of the Schwarzschild-de Sitter black hole and also [48] for a
derivation alternative to that of [45, 46]. Clearly, a structure cannot hold any mass beyond RTA,max and
thus a stable structure can never be larger than that. In other words, if a certain dark energy/gravity
theory predicts a structure size smaller than what is actually observed, it gets ruled out.
The actual observed sizes of some nearby (z ≪ 1) cosmic structures was compared with the theoretical
prediction of ΛCDM in [45, 46], and was shown that for those with masses M & 1014M⊙, this theoretical
upper bound is only roughly about 10% greater than the observed sizes. The result was also generalized
for dark energy with equation of state P (t) = wρ(t) with a constant w, to get a strict bound w > −2.3.
In [49, 50], it was shown using the Press-Schechter statistical mass function that structures with M &
1013M⊙ are not yet virialized today and hence larger in size than the virialized ones, and are close to
the theoretical maximum upper bound. We refer our reader to [51, 52, 53] for discussions on looking
for violation of the maximum turn around bound via the peculiar velocity profile of the constituents of
structures. Note that contrary to other conventional tests of the dark energy (e.g. redshift of the distant
type Ia supernovae), this is completely a local check , as the structures we observe are sufficiently nearby
(z ≪ 1) – in fact it is a demonstration of the fact that the dark energy is at work right within the structures.
The maximum turn around perspective has received considerable attention in the modified gravity
sector. It has been applied to theories like the Brans-Dicke, galileon, quintessence and the generalized
Chaplygin gas models, a generic dark energy with completely arbitrary state ‘parameter’ w(t) and so
on [54]-[62]. In particular, a general derivation of the maximum turn around radius for theories satisfying
the Einstein equivalence principle can be seen in [61]. From all these follow up works of [45, 46] so far,
it has been well established to use RTA,max as an observable for the aforementioned non-virial cosmic
structures to constrain dark energy/alternative gravity models. We further refer our reader to [62] and
references therein for an elaborate review with a list of references. See also [63, 64] for a different proposal
for a local check of the dark energy, from the observation of motion of different galaxies.
The braneworld scenario, is certainly qualitatively different from the examples we have given above,
for additional effects that stem from the extra dimension(s). Being motivated by this, we shall derive
in Section 3 the maximum turn around radius for the DGP model considered in [37] and references therein.
We shall show that if we set the bulk cosmological constant to zero, the maximum turn around radius
predicted is always larger than the ΛCDM. However, interesting things happen if we turn on the bulk
cosmological constant Λ – due to the nontrivial field equations, it can actually ‘interact’ with the cold dark
matter and the brane cosmological constant leading to interesting bounds on the whole parameter space
of the theory, Section 3.1. Finally we conclude in Section 4.
We shall work with the mostly positive signature of the metric (−,+,+,+,+) and will set c = 1.
3
2 The model and the field equations
In the following we shall briefly review the action and the field equations for the DGP model, the details
of which can be seen in e.g. [34]. The system is described by the action [24, 34, 37],
S =M3
[∫
Bulk
(R− 2Λ)− 2
∫
Brane
K
]
+
∫
Brane
(m2R− 2σ) +
∫
Brane
L(gµν , φ) (1)
The brane has been taken to have codimension one. M and m are respectively the 5 and 4 dimensional
Planck masses whereas R and R are the corresponding Ricci scalars. Λ is the cosmological constant in the
bulk, K is the extrinsic curvature on the brane, the combination of σ/m2 plays the role of the cosmological
constant on the brane with σ being the brane tension. L stands for the Lagrangian density of matter fields
living on the brane, for our current purpose which would be the cold dark matter.
Variation of the above action leads to the field equations projected onto the brane, e.g. [24],
Gµν +
(
ΛRS
b+ 1
)
gµν =
(
b
b+ 1
)
1
m2
Tµν +
(
1
b+ 1
)[
1
M6
Qµν − Cµν
]
(2)
where the parameters entering this equation are defined as
b =
σl
3M3
l =
2m2
M3
ΛRS =
Λ
2
+
σ2
3M6
(3)
and
Qµν =
1
3
EEµν − EµλEλν +
1
2
(
EρλE
ρλ − E
2
3
)
gµν (4)
where
Eµν = m
2Gµν − Tµν and E = Eµµ (5)
and Cµν comes from the projection of the bulk Weyl tensor onto the brane. We take the Friedman-
Robertson-Walker (FRW) ansatz for the metric with flat spatial sections and conformal time
ds2 = a2(τ)
[−dτ2 + dx2 + dy2 + dz2] (6)
and plug it into Eq. (2), with Tµν corresponding to the cold dark matter; the contribution coming from
the Weyl part is seen to behave like the electromagnetic radiation density ∼ 1/a4(τ) and we shall ignore it
from the homogeneous cosmological equations. However, we shall consider its inhomogeneous contribution
later. One then obtains, for the so called normal branch,
H2 = a
2 (ρ+ σ)
3m2
+
2a2
l2
[
1−
√
1 + l2
(
ρ+ σ
3m2
− Λ
6
)]
(7)
where ρ stands for the cold dark matter energy density, H = a˙/a is the Hubble rate, where a ‘dot’ stands
for derivative once with respect to τ . Initially we set the bulk cosmological constant Λ to zero, to get
H2 = a
2
l2
[√
1 + l2
(
ρ+ σ
3m2
)
− 1
]2
(8)
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It is customary then to define two useful quantities, β and γ, as
β = −2
√
1 + l2
(
ρ+ σ
3m2
)
= −2
(
1 +
lH
a
)
3γ − 1 = β˙Hβ =
∂τ (H/a)
H (1 + lH/a) (9)
With the help of the cosmological density functions : Ωm(a) = ρa
2/(3m2H2), Ωσ(a) = σa2/(3m2H2) and
Ωl(a) = a
2/(l2H2), and recalling that ρ ∼ a−3(τ) for the cold dark matter, the above quantities can be
re-expressed as
β = − 2√
Ωl
√
Ωm(1 + z)3 +Ωσ +Ωl 3γ − 1 = − 3Ωm(1 + z)
3
2 (Ωm(1 + z)3 +Ωσ +Ωl)
(10)
where z is the redshift : 1 + z = 1/a(τ), obtained by setting the current scale factor to unity and Ω
is current observed value (z = 0) of Ω(a). This completes the necessary review on the homogeneous
cosmology front. It is clear that the ΛCDM limit corresponds to Ωl → 0 or l →∞. Note also that in this
limit we have β → −∞.
We are chiefly interested in the theory of spherical, scalar perturbations predicted by this model,
pertaining the large scale cosmic structures. So we next take in the ansatz for the linear McVittie metric
in Eq. (2),
ds2 = a2(τ)
[−(1 + 2Φ(R, τ))dτ2 + (1 − 2Ψ(R, τ)) (dx2 + dy2 + dz2)] (11)
where R2 = x2+y2+z2 and Φ and Ψ are the gravitational potentials. In the absence of anisotropic spatial
stresses, we have Ψ = Φ, which would not be the case here. The most general sources that can generate
such spatial inhomogeneity are given by
δT µν =
[
−δρ −ρ∇iu
ρ∇iu
a2 δP δ
i
j +
ζij
a2
]
(12)
where ζij = (∇i∇j − δij∇2/3)ζ (i, j ≡ x, y, z) with ζ being a scalar used to parametrize the anisotropic
strength tensor ζij . u(R, τ) is the velocity potential function ignoring any vorticity, δρ(R, τ) is the per-
turbation representing the central overdensity and δP is the pressure perturbation. We also have for the
Weyl fluid perturbation,
m2δCµν =
[
−δρC −(ρr + Pr)∇iuC
(ρr+Pr)∇iuC
a2
δρCδ
i
j
3 +
δpiij
a2
]
(13)
where ρr and Pr are the homogeneous density and pressure of radiation, δC =
3δρC
4ρr
and uC is the ve-
locity potential for the Weyl Fluid, also δπij =
(∇i∇j − δij∇2/3) δπC and δπC is again a scalar used to
parametrize δπij . We have
1
a
δ˙C = ∇2uC (14)
from which one gets
δ¨C
a2
+
(
2β
β + 2
− 3γ
) H
a2
˙δC − 1
3
(2 + 3γ)∇2δC = 1 + 3γ
4ρr
∇2 (ρ∆) (15)
where
∆ = δ +
3Hu
a
(16)
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with δ = δρ/ρ. We shall not require all the perturbation sources described above. In particular, since we
are interested in the length scale of a structure which is essentially subhorizon, we can safely ignore the
temporal derivatives of the inhomogeneous perturbations compared to their spatial derivatives.
Finally, we have the differential equations determining the two potentials
∇2Ψ = 2 + β
2m2β
ρ∆+
4ρr
3m2β
(
δC +
3HuC
a
)
(17)
and
∇2(Ψ − Φ) = 8ρr
3m2β
[
δC +
6HuC
a(2 + β)
+
3ρ∆
4ρr
]
(18)
In the limit β → −∞, the right hand side of the above equation vanishes and we recover ΛCDM, Ψ = Φ.
With all this equipment, we are now ready to go into the maximum turn around calculations.
3 Calculation of the maximum turnaround radius
We shall first demonstrate the calculation of the maximum turn around radius for a spherical cosmic
structure ignoring the Weyl term to demonstrate the method. Let us consider a shell of backreactionaless
cold dark matter fluid moving just outside the structure. Our starting point will be (see [46]) to consider
the proper or physical spatial coordinate corresponding to the cold dark matter’s perturbation, δρ(R, τ),
~r = a(τ)~x (19)
The velocity and acceleration of this element with respect to the proper or physical time dt = a(τ)dτ
(since the cold dark matter is essentially non-relativistic) reads
dri
dt
=
1
a(τ)
d~r
dτ
= δui +Hxi (20)
where δui is the peculiar velocity. Using Eq. (11) we can derive the conservation equation for the pertur-
bation
δ~˙u+Hδ~u = −~∇Φ
Differentiating Eq. (20) with respect to the proper time once again and using the above equation, we
obtain the acceleration
d2~r
dt2
=
(
a¨
a3
− a˙
2
a4
)
~r − 1
a
~∇Φ ≡ H˙
a2
~r − 1
a
~∇Φ (21)
Note that the above relation is model independent. The explicit model dependence will enter via H and Φ.
Since length scales pertaining the structures are essentially sub-Hubble, the velocity potential for matter
can usually be ignored and spatial derivatives of the perturbations will be favoured over time derivatives.
Subtracting Eq. (18) from Eq. (17) and dropping all the Weyl terms give the Poisson equation for the
potential Φ,
∇2Φ = 2 + β
2m2β
δρ− 2
m2β
δρ (22)
where we have ignored the velocity perturbation, i.e. ρ∆ ∼ δρ in Eq. (16). Thus we get
∇2Φ = 4πGeffδρ (23)
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where
Geff = G
(
1− 2
β
)
= G
(
1 +
1
1 + lHa
)
where G ≡ 1
8πm2
(24)
where we have also used Eq. (9). Geff approaches G as l →∞, the ΛCDM limit. Thus in this theory the
effective Newton’s ‘constant’ is larger than G, indicating the increase of gravitational attraction. We next
approximate the whole structure as a point mass located at ~r = 0 : δρ =Mδ3(~r) acts as the perturbation,
∇2Φ = 4πGeffMδ3(~Ra(τ)) (25)
giving
Φ = −GeffM
R
(26)
The maximum turn around radius RTA,max is by definition the point of vanishing acceleration. Thus
setting d2~r/dt2 = 0 in Eq. (21) and noting that from the spherical symmetry of the problem we have
~r ≡ r, we obtain
H˙RTA,max
a
− GeffM
R2TA,max
= 0 (27)
Using now Eq. (8) along with the homogeneous conservation equation, ρ˙+ 3Hρ = 0, and
H˙ = H2 + 1
6m2
alρ˙√
1 + l2
(
ρ+σ
3m2
) (28)
we finally arrive at
RTA,max =


GeffM
1
l2
(
−1 +
√
1 + l2 ρ+σ3m2
)2
− ρ2m2
(
1− 1√
1+l2 ρ+σ
3m2
)


1/3
(29)
We recover the ΛCDM result by setting l→∞ above,
RTA,max =
(
GM
Λσ
3 − ρ6m2
)1/3
(30)
where we have written Λσ = σ/m
2 for the brane cosmological constant. We can rewrite the above equation
as
RTA,max =
(
3GM
Λσ
)1/3(
1− ρ
2m2Λσ
)−1/3
(31)
We may just include the background density ρ in the mass term via the redefinitionM ′ =M
(
1 + ρ/2m2Λσ
)
,
and arrive at
RTA,max =
(
3GM ′
Λσ
)1/3
(32)
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The mass function M ′ clearly should be regarded as a total or effective mass function, taking into account
the effect of the homogeneous matter density as well. For nearby cosmic structures, which is our main
focus, we may take z ∼ 0. Then recalling 1/2m2 ≡ 4πG, using Ωm ≃ 0.3 and ΩΛσ ≃ 0.7 for ΛCDM,
it is easy to see that M ′ ≈ 1.214M . One then uses the observed mass versus actual size data to do
phenomenology in this context [46], which we shall be explicitly discussing at the end of Sec. 3.1.
Next we shall include the effect of the inhomogeneous Weyl fluid to investigate how it modifies Eq. (29),
while keeping still Λ = 0. This would simply correspond to modifying Geff as follows. First, we recall
that we already have ignored the homogeneous cosmological part of it (Section 2). The velocity potential
of the perturbation of the fluid satisfies ∇2uC = 0, as we may ignore the temporal variation with respect
to the spatial ones in Eq. (14), in the subhorizon length scale we are concerned with. Next note that in
Eq. (17) and Eq. (18), uC comes multiplied with the homogeneous radiation density, ρr, which has little
effect in the self gravity effects of a large scale structure. Also from Eq. (15), we have
δρC = −1 + 3γ
2 + 3γ
δρ (33)
where we have set an additive integration constant to zero, as the inhomogeneity is by definition sourced
by the central overdensity. Subtracting now Eq. (18) from Eq. (17), we obtain
∇2Φ = 4πG
(
1− 2
β (3γ + 2)
)
δρ (34)
We have from Eq. (10) β ≤ 0 and
3γ + 2 = 3− 3Ωm(1 + z)
3
2 [Ωm(1 + z)3 +Ωσ +Ωl]
> 0, always (35)
In other words, the effective Newton’s ‘constant’
Geff = G
(
1− 2
β (3γ + 2)
)
(36)
appearing in Eq. (34) is always larger than that of ΛCDM, as earlier. Also, Geff reduces to G in the limit
l→∞ (or β → −∞).
Let us now compute RTA,max for this case and compare the result with ΛCDM. We rewrite Eq. (8) as
(H
a
)2
=
ρ+ σ
3m2
+
2
l2
[
1−
√
1 + l2
(
ρ+ σ
3m2
)]
(37)
Using Eq. (9) and the density parameter corresponding to l, we get
(H
a
)2
=
ρ+ σ
3m2
− 2H
la
=
ρ+ σ
3m2
1
1 + 2
√
Ωl
(38)
We also note that
1− 1√
1 + l2(ρ+σ3m2 )
= 1− 1
1 + lHa
= 1−
√
Ωl√
Ωl + 1
(39)
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Since
√
Ωl is expectedly a ‘small’ number, we shall now proceed perturbatively in it. Using the above
equations and Eq. (21), Eq. (28), we obtain after a lengthy but straightforward computations, up to the
leading order in Ωl,
RTA,max =
[
GeffM
σ
3m2 − ρ6m2 − 2σ
√
Ωl
3m2 − ρ
√
Ωl
2m2
]1/3
(40)
Recalling Λσ = σ/m
2, we now compare the above expression with Eq. (30) corresponding to ΛCDM. We
have already proven that Geff ≥ G and the denominator of the above equation is obviously smaller than
that of Eq. (30). Since
√
Ωl is a small number and β ∼ Ω−1/2l , Eq. (10), we can further express the leading
corrections to RTA,max as
RTA,max ≈
(
3GM ′
Λσ
)1/3 [
1 +
2
√
Ωl
3
+
√
Ωlρ
2m2Λσ
− 2
3β(3γ + 2)
]
(41)
where M ′ = M(1 + ρ/2m2Λσ) as earlier. Thus by Eq. (35) and since β < 0, the maximum turn around
radius or the maximum possible size of a cosmic structure predicted by this theory is larger than ΛCDM,
provided that Λσ equals (or is smaller than) the observed value of the cosmological constant in ΛCDM.
However, note that in order to be in the complete braneworld scenario, we must treat its parameter space
independently and should permit values of Λσ (as well ρ) different from ΛCDM, both larger and smaller.
We shall perform this more general analysis numerically and non-perturbatively in the next section and
will see that as long as the bulk Λ is vanishing, the above conclusion remains the same. Moreover, we shall
‘turn on’ a bulk Λ below as well and owing to the complicated structure of the field equations, we will
be able to obtain clear constraints to rule out certain regions of the parameter space of the theory, based
upon the current mass versus size data.
3.1 Inclusion of a bulk cosmological constant
We shall now be needing Eq. (7) along with the generalized form of Eq. (9),
β = −2
√
1 + l2
(
ρ+ σ
3m2
− Λ
6
)
3γ − 1 = − ρ
2m2
(
ρ+σ
3m2 +
1
l2 − Λ6
) (42)
The generalization to the effective Newton’s constant comes readily substituting β and γ from Eq. (42)
into Eq. (34) or Eq. (36) and our RTA,max will be given by
RTA,max =
(
GeffM
H˙/a2
)1/3
(43)
Following similar steps as earlier, we now obtain a modified expression for RTA,max, incorporating the
effect off the bulk cosmological constant,
RTA,max =


3GM
Λσ
1− 2β(3γ+2)
1− ρ2m2Λσ + 6l2Λσ
[
1−
√
1 + l2
(
ρ+m2Λσ
3m2 − Λ6
)]
+ 3ρ2m2Λσ
1√
1+l2
(
ρ+m2Λσ
3m2
−Λ
6
)


1/3
(44)
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Expressing this with respect to the primed mass M ′ =M
(
1 + ρ/2m2Λσ
)
, we obtain
RTA,max =


3GM ′
Λσ
1− 2β(3γ+2)
1− ρ2m2Λσ + 6l2Λσ
[
1−
√
1 + l2
(
ρ+m2Λσ
3m2 − Λ6
)]
+ 3ρ2m2Λσ
1√
1+l2
(
ρ+m2Λσ
3m2
−Λ
6
)


1/3
(
1
1 + ρ/2m2Λσ
)1/3
(45)
From Eq. (7) and using Ωl =
a2
l2H2 , we have√
1 + l2
(
ρ+ σ
3m2
− Λ
6
)
=
√
1
Ωl
− l
2Λ
6
+ 1 (46)
Let us define
RΛCDM :=
(
3GM ′
Λ0
)1/3
(47)
where Λ0 denotes the value of the cosmological constant fitted to ΛCDM ∼ 10−52m−2. Thus the above is
nothing but the RTA,max of ΛCDM. Using this and Eq. (46), we reexpress Eq. (45) as
RTA,max
RΛCDM
=


1− 2β(3γ+2)
1− ρ2m2Λσ −
6ΩlH2
a2Λσ
√
1
Ωl
− Λa26ΩlH2 +
3ρ
2m2Λσ
1√
1
Ωl
− a2Λ
6ΩlH
2+1


1/3(
Λ0
Λσ(1 + ρ/2m2Λσ)
)1/3
(48)
Thus the RTA,max of ΛCDM serves as a point of reference above and we shall investigate how much
the above ratio could deviate from unity, subject to different values of all parameters of the model
(ρ, Λσ, Λ, Ωl), independent of ΛCDM.
First we note that the ratio ρ/m2Λσ above could be replaced with Ωm/Ωσ. We now wish to make
plots of Eq. (48) subject to the variation of the bulk cosmological constant and the parameter Ωl, by taking
various values of Ωm as the input. Let us divide both sides of Eq. (7) with (H/a)2 and use Eq. (46) to get
1− Ωm = Ωσ − 2Ωl
√
1
Ωl
− a
2Λ
6ΩlH2 (49)
We shall use different values of Ωm in the above equation and using that would replace Ωσ (or Λσ) in
Eq. (48) in the favour of Ωl.
To start with, let us take the ΛCDM value, Ωm = 0.27. Fig. 1 then depicts the variation of the ratio
on the left hand side of Eq. (48), with respect to the variation in the parameter space of the bulk Λ and
Ωl. As we have stressed earlier, for some nearby, non-virial cosmic structures with M & 10
14M⊙, the
theoretical prediction of ΛCDM on RTA,max is only roughly about 10% larger than their actual observed
sizes i.e. RTA,obs ≃ 1.1RΛCDM [45, 46]. Thus any alternative dark energy/gravity model predicting an
RTA,max lesser than about 10% compared to ΛCDM (i.e., Rbrane < 0.9RΛCDM), gets ruled out. Based
on that, we get the constraints on the parameter space of the theory depicted in Fig. 1 or more clearly
in Fig. 2. It is also evident that for Λ = 0, there is no constraint whatsoever, proving our earlier claim
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Figure 1: A 3-dimensional plot of Eq. (48) with respect to the variation of the (dimensionless) parameters
with a positive bulk cosmological constant. The current scale factor is set to unity and we have taken
Ωm ≃ 0.27 as the only input. Ωσ or Λσ at each point is given via Eq. (49). Chiefly, a) for Λ = 0
the ratio is always larger than ΛCDM, proving our earlier claim made at the end of Section 3 and b)
parameter regions where the ratio could be smaller are indicated and more clearly demonstrated in Fig. 2
and subsequent plots with Ωm values different from ΛCDM.
made at the end of Section 3, regarding the consistency of this model with the bound of RTA,max with a
vanishing bulk Λ. Further in Fig. 3 we find analogues of Fig. 2 for values of Ωm different from ΛCDM.
Clearly, the situation should be the opposite if we flip the sign of the bulk Λ, as a negative Λ creates
attractive gravity as opposed to the positive one, thereby predicting larger structure sizes. Indeed, in
Fig. 4, we have numerically depicted this scenario with respect to independent parameters, with Λ/6H2
as high as up to ∼ −1000. We have checked that the conclusion remains the same for Ωm as tiny as 0.1.
By analysing the baryon acoustic oscillation and the cosmic microwave background data without any
bulk Λ for this model, it has been shown recently in [65] that Ωl . 0.1. However, if we set Λ = 0 in
our analysis, we have no constraint on Ωl, as we have seen that (Fig. 2, Fig. 3) in this case the predicted
structure size is larger than what is actually observed. In fact if a certain theory predicts a structure size
larger than what is actually observed, we cannot use RTA,max to constrain it. Such feature, in particular,
is reflected into Fig. 4, where we have considered |Λ/6H2| as high as O(103) in order to demonstrate the
consistency of RTA,max with the fact that a negative Λ creates attractive gravity. Note that this is unlike
the case of a positive Λ, Fig. 2, Fig. 3, where such higher values are automatically ruled out by Eq. (49), in
which the square root yields complex values of Ωm for arbitrary large values of Λ/6, scaled by the Hubble
rate squared. It then seems natural to expect that other cosmological/astrophysical observables which are
sensitive to the absolute value of Λ (unlike RTA,max) could rule out such higher values of a negative Λ. It
could include usual observables like the luminosity and distance measures or the light bending angle at
galactic scales and so on, e.g. [35]. It could also involve, finding out a static and spherically symmetric
geometry corresponding to Eq. (2) and to compute the perihelion precession. It seems very interesting
and important to pursue such investigation in detail.
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Figure 2: Plot of Eq. (48) to demonstrate the region of parameters excluded by mass versus actual size
observations (the coloured region).
4 Summary and outlook
In this work we have investigated the phantom braneworld model to compute the maximum turn around
radius for a spherical cosmic structure with a given mass and to constrain it through the observed mass
versus size data for them, for certain nearby, non-virial cosmic structures (see [45, 46] and references
therein). As we discussed in Section 1, it turns out that if a given theory predicts the size of such a
structure to be smaller than around 10% of ΛCDM, it gets severely constrained on the basis of the stability.
We have shown that RTA,max found in Eq. (48) can actually go considerably smaller for a positive bulk Λ,
in some region of the parameter space, than the observed sizes, leading to interesting constraints on the
parameter space of the theory, Fig. 1, through Fig. 3. We also have seen that for a negative or vanishing
bulk Λ, we obtain no constraint, whatsoever.
We have used set of different values of Ωm, both larger and smaller than that of ΛCDM, Ωm ≃ 0.27, in
Eq. (48), in order to remain in the complete braneworld scenario. Likewise, for each such Ωm value, Λσ or
Ωσ is computed numerically from Eq. (49). From the plots with a positive bulk Λ, we have a clear pattern
that as Ωm increases, more and more region of the parameter space is opened up for a stable structure.
This should be the manifestation of the increasing attractive effect of the cold dark matter, although not
obvious a priori, owing to the complicated field equations. We believe the constraints we have found in
this work will be further verifiable in other tests of gravity and cosmology and also will be improved with
the improvement of the mass versus observed size data.
One should however, also note the obvious caveat of this braneworld model – despite of all shifts of
paradigm, we still need at least a brane cosmological constant (Λσ) in order to explain the observed ac-
celerated expansion on the brane. Along with that, we have additional parameters making things much
more complicated than ΛCDM. However, as is well known, Section 1, owing to the elusive characteris-
tics of the dark energy/dark matter, any such viable model always warrants investigations from various
perspectives. Moreover, models with extra dimensions, which should be regarded as the key thing here,
can give rise to novel insight on gravity itself. It should also be noted that the brane-Λ has at least one
physical interpretation here, i.e. the brane tension.
Finally, we note that the model we have considered seems to be fully consistent with ΛCDM pertaining
the current cosmology from the analysis made so far [37], also references therein with a vanishing bulk Λ.
Here on the other hand, we have constrained the “Ωl − bulk Λ” space using the maximum turn around
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radius. Note that turning on an additional source can give rise to deviation in predicted cosmological
parameter(s) in any cosmological model, such as the case of the sterile neutrinos in the ΛCDM cosmol-
ogy [35]. Analogously, here also in Fig. 2, Fig. 3, one can see that if we wish to have the value of RTA,max
on the brane to be equal to the actual observed sizes of the structures of our interest (i.e., ∼ 0.9RΛCDM),
we can have non-zero values of Ωl and the bulk Λ. However, we note that the additional sources in this
case correspond to the extra dimension, thereby posing a very qualitative difference compared to models
without having so. It seems important to understand whether such qualitative difference could be consid-
erable, in particular, at very large scale such as that of the Hubble horizon. Thus, it would be interesting
to extend the perturbation theory to all length scales to investigate the effect of the extra dimension on
the cosmological screening mechanism (see e.g. [66] and references therein for a discussion on the ΛCDM).
We shall return to this issue in the near future.
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Figure 3: Plots analogue to that of Fig. 2 but with Ωm = 0.19, 0.21, 0.23, 0.25, 0.29, 0.31, 0.33 and
0.35 respectively, moving from left to right. All these plots show as we increase Ωm, more region of the
parameter space gets opened up for stable structures due to increased attractive effects of the cold dark
matter. Note also that for Λ = 0, there is no constraint.
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Figure 4: Plots with a negative bulk Λ, respectively with Ωm = 0.27, 0.29, 0.25, giving no constraints
whatsoever. We have checked that unless Ωm is as small as 0.1, the conclusion remains the same. The
contrast between the results of positive and negative Λ corresponds to the fact that the second produces
attractive gravity as opposed to the first. Hence one should always expect prediction of bigger structure
sizes for a negative bulk Λ, compared to Λ ≥ 0. However, note that the rather high magnitude of Λ/6H2
above could be expected to be ruled out by some different cosmological observable(s), which unlike RTA,max
are sensitive to the absolute value of Λ (see the end of Section 3.1 for discussion). Nevertheless, we have
considered such values to demonstrate the consistency with our expectation pertaining the attractive
gravitational effects created by a negative cosmological constant.
19
